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Abstract. In thispaper,westudyanapproachbyGeffand-Tsetlinto therepresentation
ofsymplecticgroups.

1. The theoryof infinite dimensionalrepresentationshassinceits very beginning

exertedinfluenceonits classicalprototype— thetheoryof finite dimensionalrepresenta-
tions.A clearexampleof this influenceis thewell knownexplicit constructionby I. M.

GelfandandM. L. Tsetlinof a basisin therepresentationspaceforunitaryandorthog-
onalgroups. This constructionis valid also for generallineargroups GL( n, U:), for

complexorthogonalgroups SO(n,(U) and for all its real forms in view of H. Weyl’s
<<unitarytrick>>.

The elementsof thebasisin questionare labelledby integertriangularmatricesof

a specialkind — theso calledGelfand-Tsetlinpatterns(seebelow). They are thedis-
creteanalogsof triangularsubgroupsinvolved in therealisationof infinite dimensional
representationsof thecorrespondingnon-compactgroups.

On the otherhandtheGelfand-Tsetlinbasesare analogousto the Young basesfor

irreducible representationsof thesymmetricgroups. Justas the latter agreewith the
restrictionsof therepresentationsto thesubgroupsof thesequence
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(1) S~3S~13...3S23S1,

theGelfand-Tsetlinbasesagreewith therestrictionsof representationsto the subgroups

of thesequences

(2) U(n) 3 U(n— 1) 3 ... I) U(2) 3 U(l)

and

(3) SO(n) 3 SO(n—1) 3... 3 SO(2)3 SO(l).

Theneighbouringsubgroupsin eachofthe sequences(1), (2), (3) possessthefollow-

ing remarkableproperty:everyirreduciblerepresentationofthebiggergrouphassimple
spectrumviewed as a representationof thesmallergroup (dual property: everyrepre-

sentationof thebiggergroup inducedfrom anirreduciblerepresentationof the smaller
grouphas simplespectrum). Suchpairs of groupswere investigatedin representation

theoryfor a longtime, seee. g. Chapter3 in the survey[2] and also [3], [4].
Unfortunatelythesequence

(4) Sp(2n) 3 Sp(2n—2) 3 ... 3 Sp(4) 3 Sp(2)

doesnot possessthis property. However, D. P. Zelobenko[5] managedto construct

thebasesin the representationspacesfor symplecticgroupswhich correspondto the
hypotheticalsequenceof subgroupsof the form

(5) Sp(2n)3? DSp(2n—2)3...3? 3Sp(2).

I conjecturedin [6] that the intermediatesubgroupsin (5) mustbeequalto thenon-

semisimplegroupsTSp(2 n) whicharestabilizersof avectorin thestandardrealization
of Sp(2m+ 2). Thegroup TSp(2n) (triangularsymplecticgroup) is thesemi-direct
productof Sp(2 n) by the (2 n+ 1)-dimensionalHeisenberggroup H~.In the recent

paper[7] by I. M. Gelfand and A. V. Zelevinskyvery apt notationSp(2n+ I) was
proposedfor this group.

My conjecturewaspartly confirmedby V. V. Shtepin[8] buthis resultis rathercum-

bersomedueto thelackof completereducibility for finite dimensionalrepresentations
of Sp(2 n+ I). Moreover,this grouphasno compactform.

2. In this paperI want to drawattentionto the otherapproachto Gelfand-Tsetlin

patternsfor symplecticgroups. First, let us recall theclassicalresultsof Gelfand and
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Tsetlinfor theunitary group U(n). Irreduciblerepresentationsof U( n) arelabelled

by highestweights,i. e. integervalued n-vectorsp = (m
1 , m2,... , m,j satisfying

thecondition

(6) m1�m2>...>m~.

Underthe restrictionto U( n — 1) the irreduciblerepresentation~ of U( n) de-

composeswithout multiplicities and the spectrumof the restrictionconsistsof those
representations ~ for which the (n — 1)-vector(1k,... , I,.,...~)satisfiesthe <<be-

tweennesscondition>>:

(7) m1�11�m2�12�...�1~_1�m~.

This leadsimmediatelyto a labellingof a basisin the representationspacefor T,~
1by

thepatternsof the form

m
1 m2 m3 ... m~_1 m~

11 1~ ...

(8) k1 ... k,~

(the so calledGelfand-Tset.linpatterns),whereeachmemberis an integerand is con-

tainedbetweenthetwo above.
Irreduciblerepresentationof Sp(2 n) are also labelledby the highestweightsof

theform (6) with thesupplementconditionthat m~~ 0. As Zhelobenkoproved,the
spectrumof therestrictionof the irreduciblerepresentation~ with highestweight
p of Sp(2 n) to the subgroupSp(2 n— 2) consistsof representationsT~

2’~2~with
highestweights )~= (1k,12,. . . , 1,~.i) which canbeincludedin thediagram

m
1 m2 m3 ...

Pi P2 Pn_1 Ps,
11 1~ .,, Li

satisfyingthesamebetweennessconditionandalso the inequalitiesps, � 0, mn_i � 0.
This leadsto a labelling of abasisin the representationspacefor T~

2~’~by patterns
of theform:

m
1 m2 m3 ... m~1 ms,

Pi P2 P3 ., pfl~
11 12 . . .

tn—2 1n—1

q
1 q2 ... qs,_2 q~_1
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Thispatternbecomesmorenaturalextendedto theright by antisymmetry:

m
1 m~ 703 ... m,, 0 —m,, ... —703 —mi —~1

P1 ~ . . . Pn-i Pn —P~ Pn-1 ... —p2 ~)j

(10) L~ 12 ... 1~ 0 ~ ... —l~ —Li
qi ... q,,-_2 q,,~j —q,,--i —q,,--2 ...

k1 ... k,,.2 0 —k,,_2 ...

I shallcall it <<antisymmetricGelfand-Tset.linpattern>>. (This observationis madealso
in therecentpaper[91).

3. The choiceof anorthogonalbasisin the spacesof irreducibleunitary represen-

tationsof a compactgroup G yealdsalso an orthogonalbasis in thespace L2(C).
Namelyto eachpairof vectors (,7~ in the spaceof therepresentationT therecorre-
spondsthe <<matrix element>>t,,~(g) = (T( g)(, ~)in L2 ( C).

In thecase C = U( n) a pairof vectorsin thespaceof therepresentationT~“~ is
labelledby the pair of Gelfand-Tsetlinpatternswith the sameupperline. It is natural

to glue thesetwo patternsalongthecommonline turning oneof them upsidedown. If
werotatethepatternobtained450 clockwisethe labelling ariseof anorthogonalbasisin

L2(U( n)) by integer-valuedn by n matricessatisfyingthenon-increasingconditions
for lines andcolumns.

EXAMPLE 1. For C = U(2) thisbasisconsistsof the functions

(a b’\ a0bI
3c~d6

(11) f(rn ~)~c d) = ~ (ad— bc)

wherethesumis extendedto all quadruples(a,~3,‘y, i5) satisfying

a+8 m—p, ~y+~p—n

a+’ym—q, ,8+ö=q—n.

In particular,antisymmetricpatternscorrespondtothe functions

(a b\ ~ (m!\2 ( ad ‘\“ ( bc ‘\~~
(12) f(m 0 ) ~c d) ~ ~~

5,ad—bc)
t\.ad—bc)

0 —m

It is easyto checkthat the mapping (a ~ ~ = T sends U(2) into the

segment[0, 1], and besidestheHaarmeasureon U(2) goesinto thestandardLebesgue
measuredT on [0, 1]. Hence,polynomials

~I (~f~r)2y0(T_l)~
o+13=m
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which are the imagesof 1(m 0 s~ differ only by a changeof variable from the

~o -m)
classicalLegendrepolynomials P

70

Q(T) = P(2r— 1).

Theconvolutionon thecompactgroup C isexpressedverysimplyin termsof matrix
elements.Namely, theformulaholds

113\ 4 — ((~),\ J ‘I * C2 ‘12 dim T &C2 ‘1

It implies the following recipefor computingthe convolutionof two functionsof the

type fM. Let M~(M) denotetheupper(lower) triangularpartof thematrix M the
main diagonal included. Lets denotetransposing. Define M1 o Al2 by the rule: if

M~= (Mi)’ then M1 o Al2 is obtainedfrom Mj and M~by glueing along the
commondiagonal;otherwiseweset Al1 o M2 = 0 and f0 = 0. ‘With this notationwe
have:

(14) fM, *fM =const ~fM,OM2.

It shouldbenotedthat theconstantin (14) canbereducedto 1 by an appropriatechoice

of scalingof fM. Thus,thebasis {fm} gives anexplicit isomorphismof the group

algebraC* ( U( n)) with thedirectproductof matrix algebrasfl,~Mat~ ( U:), where

d(p) is the dimensionof the irreduciblerepresentation~ of U(n), and p runs
throughall thesetof highestweightsfor U(n).

4. Considerin the group algebra C*( U( n)) the closedsubspaceAs, spannedby

thefunctions fM with antisymmetric(with respecttothe seconddiagonal)matrix Al.
It follows from (14)that As, is aconvolutionsubalgebraandfromthediscussionin n°2

it follows that A2s,~1is isomorphicto C*( Sp(2 n)). Thequestionnaturallyarisesif
onecangive aninnercharacterisationof this subalgebra.Webeginwitharepresentation-
theoreticinterpretationof the antisymmetrycondition.

THEOREM 1. Thefollowing conditionsareequivalent:

(i) The weight p = (m1, ... , ms,) isantisymmetric,i. e. mk = — ms,1.1— k’ k =

l,2,...,n.

(ii) TheirreduciblerepresentationT~“~ ofthegroup U( n) with thehighestweight

p isreal, i.e. in theappropriatebasisis writtenbyrealmatrices.
(iii) Therepresentation~ isequivalenttothecontragredientrepresentation~
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(iv) TherepresentationT1~”~is equivalentto thecomplexconjugaterepresentation

(v) Therestriction of T~’~tothe subgroup K,, = U(([~.]) x U ([~J~])naturally

embeddedin U( n) hasa fixedvector.

(vi) Therepresentation~ occursin thespectrumof therepresentationof U( n)

i.n the space L2(X,,),X,,= U(n)/K,,.
(vii) All homogeneous Laplace-Casimir operators of odd degreevanishin therep-

resentationspaceof

Proof (i) ~ (iii). Thecontragradientrepresentationto 2~”~hasthehightestweight
—v where v isthe lowestweightof ~ But the lowestweightcanbeobtainedfrom
thehighestweightby the action of the elementw0 of theWeyl grouphavingmaximal
length. Forthegroup U( n) the permutation w0 actsas w0 (k) = n + 1 — k. Hence

thecondition —v = w0(p) is equivalentto theantisymmetryof p.
(iii) .~ (iv). ~ beingunitary, the contragradientand complexconjugaterep-

resentationcoincide.
(ii) ~ (iv). It is clearthat (ii) implies(iv). Now, for everyunitaryrepresentation

T in the Hilbert space V the representationT ® T is naturallyrealisedin the space
EndV by the formul T ® T : X 1.-1. T(g)XT(g)*. The real subspaceof EndV

consistingof hermitianmatricesis evidently invariantunder T ® T. Recall now that
the CartanproductT1 ~ T~of two irreduciblerepresentationsof U~n) is definedas
the irreduciblecomponentof T1 ® T2 with maximalhighestweight. If v~is a highest
weightvectorfor T1, i = 1, 2 then v1 ® v2 is the highestweightvectorfor T1 ~ T2.
In thecaseT2 = weseethat thehighestweight vectorfor T ~ T is the Hermitian

matrix X = v®v*. HenceT ~ T isreal.Thehighestweightof~ ~ TJ~’> isequalto

p — w0( p) andthereforeantisymmetric.Conversely,eachantisymmetrichighestweight
= ~ canbewrittenasp—w0(p) (wecanputp= (

11~~l[I]~°~..°).

(v) ~ (vi). TheFrobeniusreciprocitylaw.
(vi) =~> (ii). A well known theoremby E. Cartanaboutspherical functionson

symmetricspaces.
(ii) ‘=~~(vi). Follows from the explicit descriptionof the representationof U( n)

on L
2(U(n)/K,,). Thefollowing moregeneralfactis in [10], Cor. 4.2of Ch. 5: The

spectrumof thesymmetricspaceCr,,k = U(n)/U(k) x U(n— k), k < ~, consistsof

therepresentationsT~”~withantisymmetricp oftheform p = (m1,... ,mk,O,... ,O,
—mk,...,—m1).

(i) ~ (vii). The Harish-Chandraformula for the infinitesimal characterof the
irreduciblerepresentationin termsof the highestweight looks asfollows (see [6] or

[11]):

(15) T~(A~)zrP(p+p) —P(p),
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where L~is the element in the centre of the enveloping algebra U( u ( n)) correspond-
ing to an U(n)-invariant polynomial P on u(n)* u(n) via the Gelfand isomor-
phism, and where p in our case is the vector ~ ~ 1~)— the half-sum of

thepositiverootsof u ( n); p and p areidentifiedwithcorrespondingdiagonalmatrices
from g 1( n, (U) = u ( n) ~. By the theorem by Chevallyrestrictionsof U( n) -invariant

polynomials on u( n) ontothesubsetof diagonalmatricesareall S(n)-invariantpoly-
nomialson this set.Homogeneouspolynomialsof odddegreespanthe idealwith gener-

ators a1,a3,... , ~ k = [~.l~] , where at is the elementarysymmetricfunctions

ak(/.L1 ... i-~)= ~ ~ p1 p1 .. , p~.It easyto checkthat the zero set for this
idealconsistsof antisymmetricvectorsandvectorsobtainedfrom themby permutations

of coordinates. This yield the required assertion taking into account the antisymmetry
ofp.

In the following we shall write i~’ for the elements of U( u (m)) corresponding to
at and also identify U(u(m)) with the subalgebra of U(u(n)) for m < n.

The last assertion of the theorem allows one to define the subspace As, C C*(U(n))
by a system of differential equations. Namely, let for X e U( u ( n)) L1( resp.R~)
denote the corresponding right (resp. left) invariant differential operator on U( n) and

write L~(resp.R~)for L~,.(resp.R~).

COROLLARY. ThesubspaceA,, C C~( U( n)) consistsofall solutionsf ofthesystem

Fm-i

Ll+2kf=O,Ri+2kf=O,m=l,
2,...,n~O<k�L 2

Note, that the conditions Lrf = 0, m = 1,2,... ,n(resp.R~
2~f= 0, m =

1, 2,... , n) are equivalent to the left (resp. right) invariance of f under the subgroup

T~of diagonal matrices in U(n).

EXAMPLE2. The subspace A2 consistsof two-sidedinvariantfunctionson U(2) with

respect to the subgroup T
2 of diagonal matrices. ThesubspaceA

3 consists of those
two-sides invariant functions on U( 3) with respect to the subgroup T

3 of diagonal
matrices which satisfy the differential equation of third order Mf = 0 where M =

l4=R~.

5. There are two operations in the function spaceon a group: the multiplication and

the convolution. They are related and this relation can be formulated in the language
of Hopf algebras. (See e.g. [6], n° 12.3). For a compact Lie group C the structure
of a Hopf algebra canbe introduced both in the space V( C) of smooth functions and
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in the dual space 2Y( C) of distributions. In the first case the operations are the usual
multiplication m and the so-called co-convolution

15:V(C) —V(C)~V(C)“.‘V(CxC)

given by

t5ço(g1,g2)= ço(g1g2).

In thesecondcasetheoperationsarethe convolution c andthe co-multiplication

A : V’(Q) -* 7Y(C) §1Y(C) D’(C x C)

definedby theformula

(AF,ço(g1,g2)) (F,p(g,g)).

The operators m and A as well as c and i5 areconjugates.The relation we havein

mind can be expressedin thefollowing form (which isoneof axiomsof Hopfalgebras):
6( resp.A) is analgebrahomorphismwith respectto operationsm and m ® m (resp.

c and c ® c). The Tannaka-Kreinduality theorem(bc. cit.) gives essentiallythede-
vice to recontructthe group C from the Hopf algebrastructureon V( C) or D’( C).
Thisstructureis definedbesidesrelations(14) by so-calledClebsch-Gordancoefficients

Al, expressingthemultiplication in termsof thebasis {fM}

(17) fM, ~fM, = ~:C~Al2 fM

Of course(17) is equivalentto the explicit decompositionof thetensorproductof two
irreduciblerepresentationsof U( n) into irreduciblecomponentsbecauseof theidentity

~ 4~2 —

‘12 — Ci nC2 13~®‘1~

In factthequantitiesCj~Al, correspond to the Clebsch-Gordan coefficientsfor special
representationsof U( n) x U( n), but its computationis equivalentto thecomputation

of <<classical>> Clebsch-Gordan coefficient for U( n). The result(rathercumbersome)
canbefound in [12], Ch. 7, §9.

It shouldbenoted that thesubspace A,, introducedin Section4 for n> 2 is not an

algebraundertheusualmultiplication. However,for odd n we canintroducethereina
multiplicationusingthe identification A2 ‘~ C” [Sp(2 n)]. Thus,on A,, with odd

n thestructureof a commutativeHopfalgebrais defined.Moreover,theHopfalgebras
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A
2,,~1and A2,,...1 are connectedby anaturalprojectioncorrespondingto the inclusion

Sp( 2n — 2) C Sp(2 n). This projection looks out very simply in terms of the basis

fM and it leads to the natural

CONJECTURE.Thereexistsan operation ir on the setofadmissibleindices Al such

that
a) it sendsanadmissiblenxn-matrixAl toan admissible(n—i) x(n—i) -matrix

ir(M) orto 0.
b) Thelinear operator P definedby ~fM = f~(M) is a projectionof A,, onto

A,,1.

c) Thereexistsa Hopfalgebra structure on A,, forall n (for n odd it wasintro-

ducedabove)suchthat P isa homomorphismwith respectto multiplication on A,,.

Thelastassertionyieldsthefollowing propertyof the Clebsch-Gordancoefficients:

(18) Cj~( Al2 C~M)~(M)

andtheverificationof thisequationwould bethefirst stepin the proof of the conjecture.

It seems that the investigation of the Hopf algebrasA,, and also their non-commutati
ye deformations in the spirit of [13]hasavery interestingperspectiveinconnectionwith
quantum groups in the sense of Drinfeld [14].
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